Abstract. In this paper we discuss Perelman's λ-functional, Perelman's Ricci shrinker entropy as well as the Ricci expander entropy on a class of manifolds with isolated conical singularities. On such manifolds, a singular Ricci de Turck flow preserving the isolated conical singularities exists by our previous work. We prove that the entropies are monotone along the singular Ricci de Turck flow. We employ these entropies to show that in the singular setting, Ricci solitons are gradient and that steady or expanding Ricci solitons are Einstein.
Introduction and statement of the main results
Perelman's utilization of Ricci flow in his proof of Thurston's geometrization and the Poincare conjectures has dramatically increased the interest in the research area of geometric flows. Perelman [Per02] introduced two important entropies, which are monotone along the Ricci flow and are constant precisely on steady and shrinking solitions. More precisely, let (M, g) be a compact Riemannian manifold of dimension m. We denote its scalar curvature by scal(g). Perelman's λ-functional is then defined as follows. Any steady Ricci soliton is up to a diffeomorphism a constant solution to the Ricci flow ∂ t g(t) = −2 Ric (g(t)), g(0) = g.
(1.6) Any shrinking Ricci soliton is up to a diffeomorphism a constant solution to the normalized Ricci flow ∂ t g(t) = −2 Ric (g(t)) + 2c g(t), g(0) = g.
(1.7)
Recall also that a Ricci soliton is called gradient if X = ∇f for some function f : M → R. The following results are due to Perelman.
Theorem 1.1 ([Per02] ). Let (M, g) be a compact smooth Riemannian manifold. Then (1) The λ-functional is non-decreasing along the Ricci flow (1.6) and is constant on steady Ricci solitons g. Moreover, any steady Ricci soliton is Ricci flat.
(2) The shrinker entropy is non-decreasing along the normalized Ricci flow (1.7) and is constant on shrinking Ricci solitons. Moreover, any shrinking Ricci soliton is gradient.
Additionally, in order to discuss the expanding case, Feldman, Ilmanen and Ni [FIN05] introduced the Ricci expander entropy as follows. Consider the µ + -functional µ + (g, τ) := inf W + (g, f, τ) | f ∈ C ∞ (M), 1 (4πτ) Any expanding Ricci soliton is up to a diffeomorphism a constant solution to the normalized Ricci flow ∂ t g(t) = −2 Ric (g(t)) − 2c g(t), g(0) = g.
(1.12)
The following results are due to Feldman, Ilmanen and Ni.
Theorem 1.2 ([FIN05]
). Let (M, g) be a compact smooth Riemannian manifold. Then the Ricci expander entropy is non-decreasing along the normalized Ricci flow (1.12) and is constant on expanding Ricci solitons. Moreover, any expanding Ricci soliton is negative Einstein.
Since the three entropies λ, ν ± are diffeomorphism invariant, instead of the Ricci flow one can equivalently consider the Ricci de Turck flow, which is given by the following equation.
∂ t g(t) = −2 Ric(g(t)) + L W(t) g(t), g(0) = g 0 , (1.13)
where W(t) is the de Turck vector field defined in terms of the Christoffel symbols for the metrics g(t) and a reference metric g 1 W(t) k = g(t) ij Γ k ij (g(t)) − Γ k ij ( g) .
(1.14)
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The reference metric g is often taken as the initial metric g = g 0 . In [KrVe18] the authors took the reference metric g as a Ricci flat conical metric, while the initial metric g 0 was a sufficiently small perturbation of g.
The de Turck vector field W(t) yields a one parameter family of diffeomorphisms φ(t) and the pullback φ(t) * g(t) solves the Ricci flow (1.6). The normalized Ricci de Turck flow is defined, either by subtracting or by adding 2g(t) on the right hand side of the evolution equation in (1.13), which yields after pullback by the family of diffeomorphisms φ(t) a solution to (1.7) or (1.12), respectively.
The aim of this work is to extend these results to the setting of singular spaces. Some preliminary results have been obtained by Dai and Wang [DaWa18, DaWa17] , who established existence of minimizers for the Perelman's entropies under certain conditions, but could not proceed further due to a priori weak regularity properties of these minimizers.
More precisely, they showed that the λ-functional and the shrinker entropy are defined if the scalar curvature of the Link satisfies scal(g F ) > n − 1. On the other hand, it was shown in recent work by Ozuch [Ozu19] that both entropies are not defined (i.e. the infimum in the definition is −∞) if scal(g F ) < n − 1. The case of equality is not understood in full generality. Building on top of the work of Dai and Wang, our first main result is an improved asymptotic expansion for the minimizers which is stated as follows: Theorem 1.3. Let (M m , g) be a compact Riemannian manifold with an isolated conical singularity. Let n = m − 1 and (F n , g F ) be the cross section of the conical part of the metric g and assume that scal(g F ) = n(n−1). Let ω g be a minimizer in the definition of the λ-functional, shrinker or the expander entropy. Then there exists an γ > 0 such that ω g admits a partial asymptotic expansion ω g (x, z) = const + O(x γ ), as x → 0, and moreover for k ∈ N,
This result is proved below in Corollary 6.2, where the value of γ is made explicit. In contrast to the results in [DaWa18, DaWa17] we are able to compute the asympototics of all derivatives of the minimizing functions. In addition, we get much better asymptotic rates under the assumption on the scalar curvature. To complete the picture, we also analyze the expander entropy, which has not been considered by Dai and Wang in the conical case. These asymptotics have two important consequences which are stated in the following.
) be a compact Riemannian manifold with an isolated conical singularity. Let n = m − 1 and (F n , g F ) be the cross section of the conical part of the metric g. Then the following statements hold.
(i) Suppose that m ≥ 5 and scal(g F ) = n(n−1). Then, if (M, g) is a Ricci soliton, it is gradient. Moreover, if (M, g) is steady or expanding, it is Einstein.
(ii) In dimension m = 4, the assertions of part (i) hold if Ric(g F ) = (n − 1)g F .
This result is proved below in Theorem 7.2, Theorem 8.5 and Theorem 9.4. In [DaWa18, Corollary 9.2], it has been shown that steady gradient solitons are Ricci flat but no assertion about non-gradient solitons or the expanding case has been made. Our third main result studies the entropies along the singular Ricci de Turck flow. Theorem 1.5. Let (M, g) be a compact Riemannian manifold with an isolated conical singularity of dimension dim M ≥ 4 and a tangentially stable cross section. This statement is proved below in Theorem 7.4, Theorem 8.3 and Theorem 8.6. All the above results also extend to the case of finitely many isolated conical singularities in an obvious way.
The present paper can also be seen as a continuation of a research program on the Ricci flow preserving the given singularity structure, initiated in two dimensions by Mazzeo, Rubinstein and Sesum [MRS11] , Yin [Yin10] , and in general dimensions by the second author jointly with Bahuaud in [BaVe14] , [BaVe16] .
Let us mention additional references of direct importance to the present discussion. In the preceding work [Ver16] , the second named author establishes short time existence of Ricci (de Turck) flow preserving an edge singularity, under an analytic assumption of tangential stability for the cross-section of the cone. Our joint work [KrVe18] then established stability of the singular Ricci flow for small perturbations of metrics with isolated conical singularities and provided an explicit characterization of tangential stability.
Acknowledgements. The authors thank the Priority programme "Geometry at Infinity" of the German Research Foundation for financial and intellectual support. The second author thanks Matthias Lesch for useful discussions.
Preliminaries on manifolds with conical singularities
In this section we gather the preliminary results obtained by the authors in [Ver16] and [KrVe18] , as well as by Dai and Wang in [DaWa18] and [DaWa17] .
Isolated conical singularities.
Definition 2.1. Consider a compact smooth manifold M with boundary ∂M = F and open interior denoted by M. Let C(F) be a tubular neighborhood of the boundary, with open interior C(F) = (0, 1) x × F, where x is a defining function of the boundary. Consider a smooth Riemannian metric g F on the boundary F with n = dim F. An incomplete Riemannian metric g on M with an isolated conical singularity is then defined to be smooth away from the boundary and
where the higher order term h is smooth on C(F) with the following asymptotics at x = 0. Let g = dx 2 + x 2 g F denote the exact conical part of the metric g over C(F) and ∇ g the corresponding Levi Civita connection. Then we require that for some γ > 0 and all integer k ∈ N 0 the pointwise norm
Remark 2.2. We emphasize here that we do not assume that the higher order term h is smooth up to x = 0 and do not restrict the order γ > 0. In that sense the notion of conical singularities in the present discussion is more general than the classical notion of conical singularities where h is usually assumed to be smooth up to x = 0 with γ = 1.
We call (M, g) a compact space with an isolated conical singularity, or a conical manifold 2 . The definition naturally extends to conical manifolds with finitely many isolated conical singularities. Since the analytic arguments are local in nature, we may assume without loss of generality that M has a single conical singularity only.
Our arguments on the Ricci flow rely on the assumption of tangential stability, which has been characterized equivalently in our previous work [KrVe18, Theorem 1.3]. We take this characterization as a definition. Definition 2.3. Let (F, g F ) be a compact Einstein manifold of dimension n ≥ 2 with constant (n−1). We write ∆ E for its Einstein operator, and denote the Laplace Beltrami operator by ∆. Then (F, g F ) is said to be tangentially stable if Spec(∆ E | TT ) ≥ 0 and Spec(∆) \ {0} ∩ (n, 2(n + 1)) = ∅. Similarly, (F, g F ) is strictly tangentially stable if and only if Spec(
Furthermore, [KrVe18, Theorem 1.4] also provides an extensive list of examples where such an assumption of tangential stability is satisfied. The assumption of tangential stability will be used here whenever our arguments employ The reader should not confuse the notion of conical manifolds here, with the notion of conelike manifolds in [DaWa18] . The cone-like manifolds in [DaWa18] refer to manifolds with exact conical singularities, where h ≡ 0. The notion of conical manifolds in the present paper allows for perturbations h as in (2.1), despite similarity in language with [DaWa18] . the singular Ricci de Turck flow, which is constructed in [Ver16] and [KrVe18] under this assumption.
Geometry of conical manifolds.
In this subsection we introduce the notions of b-tangent and b-cotangent bundles as well as some associated bundles, as in the b-calculus by Melrose [Mel93, Mel92] . Consider local coordinates (z) = (z 1 , . . . , z n ) on F, dim F = n. Then (x, z) defines local coordinates on the conical neighborhood C(F) ⊂ M. The Lie algebra of b-vector fields V b consists by definition of smooth vector fields over M that are tangent to the boundary ∂M = {0} × F. In local coordinates (x, z), b-vector fields V b are locally generated by
with coefficients being smooth on M. The b-tangent bundle b TM is defined by the requirement that the b-vector fields form a spanning set of section for
Here, we are rather interested in the dual bundle, the bcotangent bundle b T * M which is generated locally by the following one-forms
The differential form 
The central bundle, used throughout the present discussion will be the dual incomplete b-cotangent bundle ib T * M which is related to its complete counterpart b T * M by With respect to the notation we just introduced, the exact part g of the conical metric g in the Definition 2.1 is a smooth section of the vector bundle of the symmetric 2-tensors of the incomplete b-cotangent bundle
Weighted Sobolev spaces on conical manifolds.
We continue in the setup of a conical manifold (M, g). Let ∇ g denote the corresponding Levi Civita covariant derivative. Let the boundary defining function x : C(F) → (0, 1) be extended smoothly to M, nowhere vanishing on M. We consider the space L 2 (M) of square-integrable scalar functions with respect to the volume form of g. We define for any s ∈ N and any δ ∈ R the weighted Sobolev space H s δ (M) as the closure of compactly supported smooth functions
4. An equivalent norm on the weighted Sobolev space H s δ (M) can be defined for any choice of local bases {X 1 , . . . , X m } of V b as follows. We omit the subscript g from the notation of the Levi Civita covariant derivative and write
The next lemma asserts that the weighted Sobolev space H s δ (M) is welldefined, i.e. independent of the choice of a conical metric g. Lemma 2.5. Consider any two incomplete Riemannian metrics g 0 and g with isolated conical singularities, as in Definition 2.1. Then the weighted Sobolev norms · 0 and · defined in (2.5) with respect to g 0 and g, respectively, are equivalent.
Proof. We first prove the statement for g 0 being an exact conic metric g 0 ↾ C(F) = dx 2 + x 2 g F near the conic singularity, and g being its higher order perturbation. We begin with the observation that by (2.1) for any integer k ∈ N 0 we find as
Consequently, writing Φ :
Given any k ∈ N 0 , we want to express ∇ g in terms of ∇ g 0 . Consider any ℓ ∈ N 0 such that k ≥ ℓ. Let us write
Then we find by induction for any k ∈ N 0
We can now compute for any
We conclude that the weighted Sobolev norms defined with respect to g and g 0 are equivalent. Since the computation above holds for arbitrary γ ≥ 0, the statement holds for any two metrics in Definition 2.1.
Weighted Hölder spaces on conical manifolds.
This section is basically a repetition of the corresponding definitions in [Ver16] in the case of isolated conical singularities, cf. [KrVe18] . We consider a manifold (M, g) with isolated conical singularities. Due to the local structure of constructions, we may assume without loss of generality that we have just one conical singularity. All constructions extend easily to the case of multiple conical ends.
The Hölder spaces presented here, are the time-independent versions of the spaces that arise in the construction of the singular Ricci de Turck flow in the preceding work [Ver16] and [KrVe18] . Regularity in time is not relevant in the present discussion, and therefore we decided to simplify the setting by presenting only the time-independent Hölder spaces here. Definition 2.6. Consider the distance function d M (p, p ′ ) between any two points p, p ′ ∈ M, defined with respect to the conical metric g, and given in terms of the local coordinates (x, z) over the singular neighborhood C(F) equivalently by
The Hölder space C α ie (M), α ∈ [0, 1), consists of functions u(p) that are continuous on M with finite α-th Hölder norm
The supremum is taken over all (p, p ′ ) ∈ M 2 3 .
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As explained in [Ver16] we can assume without loss of generality that the tuples (p, p ′ ) are always taken from within the same coordinate patch of a given atlas.
We now extend the notion of Hölder spaces to sections of the vector bundle
Definition 2.7. The Riemannian metric g yields a fibrewise inner product on S, denoted again by g. The Hölder space C α ie (M, S) consists by definition of all sections ω of S which are continuous on M, such that for any local orthonormal frame {s j } of S, the scalar functions g(ω, s j ) are C α ie (M).
The α-th Hölder norm of ω is defined using a partition of unity {φ j } j∈J subordinate to a cover of local trivializations of S, with a local orthonormal frame {s jk } over supp(φ j ) for each j ∈ J. We put
(2.8)
Norms corresponding to different choices of ({φ j }, {s jk }) are equivalent and we may drop the upper index (φ, s) from notation.
We now turn to weighted and higher order Hölder spaces, where the weights are defined in terms of powers of the boundary defining function x : C(F) → (0, 1), extended smoothly to M, nowhere vanishing on M.
Definition 2.8.
(1) The weighted Hölder space for γ ∈ R is
(2) The hybrid weighted Hölder space for γ ∈ R is
(3) The weighted higher order Hölder spaces, which specify regularity of solutions under application of the Levi Civita covariant derivative ∇ of g on symmetric 2-tensors and time differentiation are defined for any γ ∈ R and k ∈ N by Differentiation is a priori understood in the distributional sense.
(4) In case of γ = 0 we just omit the lower weight index and write e.g. C The vector bundle S decomposes into a direct sum of sub-bundles
where the sub-bundle
is the space of trace-free (with respect to the fixed metric g) symmetric 2-tensors, and S 1 is the space of pure trace (with respect to the fixed metric g) symmetric 2-tensors. The sub bundle S 1 is trivial real vector bundle over M of rank 1.
Definition 2.8 extends ad verbatim to sections of S 0 and S 1 . Since the subbundle S 1 is a trivial rank one real vector bundle, its sections correspond to scalar functions. Since the regularity assumptions needed for sections of S 0 are slightly different from the regularity assumptions for sections of S 1 , we introduce hybrid Hölder spaces.
Definition 2.9. Let (M, g) be a compact conical manifold and assume that the conical cross section (F, g F ) is strictly tangentially stable. Then we define
is tangentially stable but not strictly tangentially stable, we set instead
Singular Ricci de Turck flow.
We shall present here the short time existence result obtained by the second author in [Ver16] in a simple way, which is sufficient for the purpose of the present discussion. We consider a compact manifold (M, g 0 ) with an isolated conical singularity. We study the Ricci de Turck flow with g 0 as the reference and the initial metric
where W(t) is the de Turck vector field defined in terms of the Christoffel symbols for the metrics g(t) and the reference metric g
While the reference metric g is usually taken as the initial metric g 0 , in case of g being Ricci flat, the initial metric g 0 can be chosen as a sufficiently small perturbation of g. This case has been the focal point of our work in [KrVe18] , where stability of the Ricci de Turck flow in the singular setting has been addressed.
We need to impose additional conditions for the Ricci de Turck flow to exist in the singular setting.
Definition 2.10. Let (M, g 0 ) be a conical manifold with an isolated conical singularity. Then the conical metric g 0 is said to be admissible, if it satisfies the following assumptions for γ > 0 as in (2.1), all k ∈ N and some α ∈ (0, 1).
(1) The cross section (F, g F ) is assumed to be tangentially stable.
denote the scalar curvature of g and Ric
• (g 0 ) the trace-free part of the Ricci curvature tensor. Then we assume
Remark 2.11. Note that if (F, g F ) is Einstein, (2) follows from (1) by the ObataLichnerowicz eigenvalue estimate [Oba62] .
The admissibility condition ∆ F ↾ (ker ∆ F ) ⊥ ≥ dim F sharpens the condition that (F, g F ) is tangentially stable and is due to analytic arguments in the sections below; it is actually not needed for the result on the existence of Ricci de Turck flow below. Similarly, for the singular Ricci de Turck flow to exist, the admissibility conditions need not to be satisfied for all k ∈ N, which would imply smoothness of g in the open interior M, but only for some fixed integer. We still impose these more general conditions in order to gather all the conditions on the conical metric g under the umbrella admissible metrics.
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In view of Definition 2.1 (2.1) the condition (3) is satisfied if the leading exact part g = dx 2 + x 2 g F of the conical metric g 0 with g 0 ↾ C(F) = g + h is Ricci flat, and the higher order term h not only satisfies (2.1), but in particular is an element of C Theorem 2.12. Let (M, g 0 ) be a conical manifold with an admissible metric g 0 . Let the reference metric g be either equal to g 0 or an admissible conical Ricci flat metric, in which case g 0 is assumed to be a sufficiently small perturbation of g in H k+2,α γ (M, S).
Then there exists some T > 0, such that the Ricci de Turck flow (2.10) with reference metric g, starting at g 0 admits a solution g(t), t ∈ [0, T ], which is an admissible perturbation of g 0 , i.e. g(t) ∈ H k+2,α γ ′ (M, S) for each t, all k ∈ N and some γ ′ ∈ (0, γ) sufficiently small.
We point out that [Ver16, Theorem 4.1] actually addresses regularity of g(t) in t ∈ [0, T ] as well, but this aspect is irrelevant in the present discussion.
Perelman's entropies in the singular setting.
Given an admissible perturbation g of the conical metric g 0 , the pointwise trace of g with respect to g 0 , denoted as tr g 0 g is by definition of admissibility an element of the Hölder space C
where | h| g = O(x γ ) as x → 0. Note that the leading part of the admissible perturbation g near the conical singularity differs from the leading part of the admissible metric g 0 only by scaling. In particular our notion of admissible perturbations is included in the notion of metrics with isolated conical singularities in Definition 2.1 and Dai-Wang [DaWa18, Definition 2.1] and hence their arguments apply to any admissible perturbation g.
We shall review the results of [DaWa18] and [DaWa17] here, which hold for singular Riemannian metrics in Definition 2.1.
Remark 2.13. The results of [DaWa18] and [DaWa17] are stated under the additional assumption that γ ≥ 1 for the weight γ in (2.1). The authors put the restriction γ ≥ 1 in order to ensure that H s δ (M)-Sobolev norms defined with respect to an exact conical metric and its higher order perturbation are equivalent. However, the authors miss that for weighted (!) Sobolev spaces, the norms are equivalent by Lemma 2.5 without any additional assumption on γ. Therefore we may state the results of [DaWa18] and [DaWa17] for general γ > 0.
2.6.1. λ-functional on conical manifolds.
The λ-functional in (1.1) can be rewritten after a substitution ω := e −f/2 in the following equivalent form, where in the singular setting we minimize over
The following result is due to Dai and Wang [DaWa18, Theorem 1.4] Theorem 2.14. Let (M, g 0 ) be a conical manifold of dimension m with an admissible metric g 0 and an admissible perturbation g. Denote by ∆ g the Laplace Beltrami operator of g, with the positive sign convention. Then λ(g) is finite with the minimizer ω g solving the equation The functional W − (g, f, τ) in (1.2) can be rewritten after a substitution ω := e −f/2 in the following equivalent form
The Ricci shrinker entropy in (1.3) is then redefined in the singular setting by minimizing over
The following result is due to Dai and Wang [DaWa17, Theorem 1.4].
Theorem 2.15. Let (M, g 0 ) be a conical manifold of dimension m with an admissible metric g 0 and an admissible perturbation g. Denote by ∆ g the Laplace Beltrami operator of g, with the positive sign convention. Then for any fixed τ > 0, the Ricci shrinker entropy ν − (g, τ) is finite with the minimizer ω g solving the equation
and satisfying for any ε > 0 the asymptotics
It is now shown exactly as in [CCG+07, Corollary 6.34], that if λ(g) > 0, the real number ν − (g) = inf {µ − (g, τ) | τ > 0} exists and is attained by a parameter τ g and a minimizing function ω g satisfying the asymptotics from Theorem 2.15.
2.6.3. The expander entropy on conical manifolds.
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In case of an exact conical singularity, [DaWa18] also obtain a full asymptotics of ω g .
The functional W + (g, f, τ) in (1.9) can be rewritten after a substitution ω := e −f/2 in the following equivalent form
The expander entropy in (1.8) is then redefined in the singular setting by min-
The following result is an analogue of [DaWa17, Theorem 1.4].
Theorem 2.16. Let (M, g 0 ) be a conical manifold of dimension m with an admissible metric g 0 and an admissible perturbation g. Denote by ∆ g the Laplace Beltrami operator of g, with the positive sign convention. Then for any fixed τ > 0, the Ricci expander entropy ν − (g, τ) is finite with the minimizer ω g solving the equation x log x has a lower bound, there exists a constant C 3 < 0 and for any ǫ > 0 a constant C 4 = C 4 (ǫ) > 0 such that
for all ω ∈ H 1 1 (M), ω > 0, M ω 2 dV g = 1. Thus for τ > 0 fixed,
for all ω ∈ H 1 1 (M), ω > 0, M ω 2 dV g = 1 and some constants C 5 < 0 and C 6 , C 7 , C 8 > 0. Let now ω i be a minimizing sequence for µ + (g, τ). Then ω i H 1 1 is uniformly bounded and by passing to a subsequence, we may assume the existence of ω 0 ∈ H 1 1 (M) such that ω i converges to ω 0 weakly in H It is now shown exactly as in [FIN05, p. 10] , that if λ(g) < 0, ν + (g) = sup {µ + (g, τ) | τ > 0} exists and is attained by a parameter τ g and a minimizing function ω g satisfying the asymptotics from Theorem 2.16.
Essential self-adjointness of the Laplace Beltrami operator
Consider an incomplete Riemannian manifold (M, g) with a conical metric g in the sense of Definition 2.1. In the singular neighborhood C(F) = (0, 1) × F of the conical singularity such a metric g is given by
where (F, g F ) is a closed smooth Riemannian manifold and h is a higher order term in the sense of (2.1). In this section we shall establish essential selfadjointness of the Laplace Beltrami operator ∆, where notably h is not assumed to be smooth and usual arguments do not apply. In fact we consider a slightly more general case of a Schrödinger operator for any q ∈ R L := ∆ + q · scal(g). In case of q = 0 we additionally impose the admissibility assumption of Definition 2.10. We define the maximal closed extension of ∆ in L 2 (M) with domain
where ∆ ω is defined distributionally. We may also define the minimal closed extension of ∆ in L 2 (M) as the domain of the graph closure of ∆ acting on smooth compactly supported functions C ∞ 0 (M). More precisely, the minimal domain is defined by 
Consider an exact conical metric g 0 , smooth in M and given over C(F) by
We shall write ∆ 0 for the Laplace Beltrami operator of g 0 . The maximal, minimal and Friedrichs domains for ∆ 0 are defined analogously and in fact are equal by the following classical result.
Proposition 3.1. Let dim F = n ≥ 3. Then ∆ 0 is essentially self-adjoint and moreover
Proof. Let (λ, ω λ ) λ be the set of eigenvalues and corresponding eigenfunctions of the Laplace Beltrami operator ∆ F of (F, g F ). The Laplace Beltrami operator is non-negative, λ ≥ 0, and we may define Q : Here A phg (M) denotes the space of smooth functions on M that admit a full asymptotic expansion as x → 0 in terms of powers of x and log(x) with smooth coefficients. Consider any ω ∈ D(∆ 0,max ) with ∆ 0 ω = f ∈ L 2 (M). Then, applying the parametrix Q to both sides of the equation x 2 ∆ 0 ω = x 2 f we obtain ω = R ω +Q(x 2 f) =: ω 1 + ω 3 .
By (3.6) we find
and p ∈ N 0 such that
for some α ∈ C ∞ (F). Applying ∆ 0 to the expansion above we obtain as x → 0
We now want to prove that ω 1 ∈ H 2 ρ (M). For n ≥ 3, the leading coefficient in (3.7) can vanish only if µ ≥ 0 Corollary 3.2. Let dim F = n ≥ 3. Then L is essentially self-adjoint and moreover
(3.8)
Proof. Let us now consider the difference
which is a bounded operator for any k ∈ N and any ρ ∈ R, by the admissibility assumption in Definition 2.10. Consequently for any ε > 0 there exists some δ > 0 sufficiently small such that for any test function
Fix ε < 1 and fix a corresponding δ > 0. Proposition 3.1 applies to ∆ 0 +(1−φ)V instead of ∆ 0 , since (1 − φ)V is a smooth differential operator supported away
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The other case µ ≤ −n + 1 is excluded due to µ > − n+1 from the conical singularity. In particular
. We now employ a result by Kato, [Kat95, Ch. V, §4, Theorem 4.5, p.289] which states the following: Let T, S be two symmetric operators with same domain D in a Hilbert space. Assume that for any u ∈ D we have the inequality (S − T )u ≤ a u + b( Tu + Su ) for a ≥ 0 and b ∈ [0, 1). Then S is essentially self-adjoint if and only if T is. The domains of their unique selfadjoint extensions coincide.
Hence for ε > 0 sufficiently small, we conclude that L = ∆ 0 + (1 − φ)V + φV is essentially self-adjoint with same self-adjoint domain H 2 2 (M).
Construction of a heat parametrix
We consider the Laplace Beltrami operator ∆ on a Riemannian manifold (M, g) with isolated conical singularities in the sense of Definition 2.1. We consider for any q ∈ R the Schrödinger operator L = ∆ + q · scal(g). In case of q = 0 we also impose the admissibility assumption in Definition 2.10. In this subsection we consider the heat equation
and explain how to construct its fundamental solution, following the heat kernel construction of [MaVe12] , which is actually due to Mooers [Moo99] in the present conical setting. The solution is an integral convolution operator acting on compactly supported sections ω by
. Consider the local coordinates near the corner in M 2 h given by (t, (x, z), ( x, z)), where (x, z) and ( x, z) are two copies of coordinates on M near the conical singularity. The kernel H(t, (x, z), ( x, z)) has non-uniform behaviour at the submanifolds
which requires an appropriate blowup of the heat space M 2 h , such that the corresponding heat kernel lifts to a polyhomogeneous distribution in the sense of the following definition, which we cite from [Mel93] and [MaVe12] . (1) Re(γ) accumulates only at +∞, (2) for each γ there exists P γ ∈ N 0 , such that (γ, p) ∈ E i for all p ≤ P γ , (3) if (γ, p) ∈ E i , then (γ + j, p ′ ) ∈ E i for all j ∈ N 0 and 0 ≤ p ′ ≤ p. An index family E = (E 1 , . . . , E N ) is an N-tuple of index sets. Finally, we say that a conormal distribution ω is polyhomogeneous on W with index family E, we write ω ∈ A E phg (W), if ω is conormal and if in addition, near each
with coefficients a γ,p conormal on H i , polyhomogeneous with index E j at any intersection H i ∩ H j of hypersurfaces.
We review briefly the sequence of parabolic blowups as outlined in [MaVe12] . First we define the parabolic blowup [M over the entire boundary face. Near the top corner of the front face ff, projective coordinates are given by
With respect to these coordinates, ρ, ξ, ξ are in fact the defining functions of the boundary faces ff, rf and lf respectively. For the bottom right corner of the front face, projective coordinates are given by
where in these coordinates τ, s, x are the defining functions of tf, rf and ff respectively. For the bottom left corner of the front face, projective coordinates are obtained by interchanging the roles of x and x. Projective coordinates on M 2 h near temporal diagonal are given by
In these coordinates, tf is defined as the limit |(S, Z)| → ∞, ff and td are defined by x, η, respectively. The blow-down map β :
h is in local coordinates simply the coordinate change back to (t, (x, z), ( x, z)).
We now proceed with the definition of a heat calculus on M Definition 4.2. We define Ψ ℓ,p,E lf ,E rf phg (M) to be the space of all integral operators A with Schwartz kernels K A that lift to a polyhomogeneous function β * K A on M 2 h with (1) the index set (− dim M − 2 + ℓ + N 0 ; 0) at the front face ff, (2) the index set (− dim M + p + N 0 ; 0) at the temporal diagonal td, (3) the index sets E lf , E rf at the left and right faces, respectively, (4) and vanishing to infinite order at the temporal face tf. 
where the front face expansion does not contain logarithmic terms and
Ultimately, we will have to deal with operators whose integral kernels are not necessarily polyhomogeneous any longer, but are only conormal with certain bounds. We therefore we extend the definition of a heat calculus above to include the cases of interest as follows.
Definition 4.4. We define Ψ ℓ,p,µ 1 ,µ 2 (M) to be the space of all integral operators A with Schwartz kernels K A that lift to conormal functions β * K A on M 2 h , vanishing to infinite order at tf and, writing ρ * for a defining function of the boundary face *
). If E lf ≥ µ 1 , E rf ≥ µ 2 , then the polyhomogeneous and conormal calculi are related by
The composition result in Theorem 4.3 extends to the case of conormal integral kernels with bounds, compare e.g. [AlGR17] , using a version of Melrose's Pushforward theorem with bounds. We concludes with the following composition result.
, where we have set µ
We may now proceed with constructing the fundamental solution to the heat equation. Exactly as in the heat kernel construction in [MaVe12, §3.2] we construct an initial heat parametrix as follows. We choose any smooth cutoff
We define for any index sets E 1 , E 2 the extended union by
sufficiently small. Then we set in terms of projective coordinates (4.2)
where λ runs over the spectrum of ∆ F , counted with multiplicities, with corresponding eigenfunctions given by φ λ , ν(λ) is defined by (3.4) and I ν(λ) denotes the modified Bessel function of first kind. The factor τ −n (ξ ξ) n 2 in fact does not appear in [MaVe12, (3.9) ], since the analysis there is performed under a unitary rescaling, cf. [BaVe14, (2.6)]. We can regard β * H 0 as a polyhomogeneous function on M 2 h , where identifying the integral kernel H 0 with the corresponding integral operator, we find (check the statement in local projective coordinates)
Now by the standard procedure, cf.
[Mel93] and [MaVe12] , H 0 can be refined at td, staying polyhomogeneous with same index sets, such that it solves the heat equation up to an error (∂ t + L)H 0 = Id + R where β * R vanishes to infinite order at td and tf, with the index set E at lf. Now, in contrast to [MaVe12] , β * R is not polyhomogeneous unless the higher order term h in the conical metric is smooth up to x = 0. Generally we can only conclude like in (3.9), that
We wish to invert (Id + R) and consider the following formal Neumann series
where the compositions R k are defined with convolution in time. Such a series is generally referred to as a Volterra series. In fact a slightly finer analysis, cf.
[Mel93] and also [BGV92] , shows that this formal series actually converges. While [BGV92] refers to the case of compact manifolds, and [Mel93] to manifolds with cylindrical ends, the estimates translate immediately to our setting, with convergence being a general feature of such Volterra series.
We conclude in view of Theorem 4.5 that P ∈ Ψ γ,∞,0,−2+γ (M). At the left boundary face lf we can be more precise. Writing N lf (P) for the restriction of P to lf, we in fact have the following asymptotics
where we write
We may now conclude our heat parametrix construction with the following Theorem 4.6. Consider a Riemannian manifold (M, g) with isolated conical singularities in the sense of Definition 2.1. Consider any q ∈ R. In case of q = 0 we additionally impose the admissibility assumption in Definition 2.10. Then the Schrödinger operator L = ∆ + q · scal(g) admits a fundamental solution H to its heat equation
such that the lift β * H is a conormal function on M 2 h with H ∈ Ψ 2,0,0,0 (M), where writing N lf (H) and N rf (H) for the restriction of H to the left and right boundary hypersurfaces, respectively, we in fact have the following asymptotics at lf and rf
where
Proof. By construction the fundamental solution H is given by H = H 0 + H 0 • P where H 0 ∈ Ψ 2,0,E,E phg (M) and P ∈ Ψ γ,∞,0,−2+γ (M). Consequently, by Theorem 4.5 we conclude H ∈ Ψ 2,0,0,0 (M). By (4.6) and by the explicit structure of the index set E in (4.5), the first statement in (4.7) on the left face asymptotics for H follows. The second statement in (4.7) follows by symmetry of H.
Remark 4.7. If q · scal(g) ≥ 0, then one can easily identify the fundamental solution H with the heat operator for the Friedrichs self-adjoint extension of L.
Mapping properties of the fundamental solution
In this section we study how the fundamental solution H, which we also refers to as the heat operator acts between spaces of functions of prescribed asymptotics. This will use the microlocal heat kernel description established in Theorem 4.6. We proceed using the notation therein and additionally introduce function spaces that specify asymptotics at x = 0, which remains stable under differentiation.
Definition 5.1. Let us write C ε (F) = (0, ε) × F for any ε ∈ (0, 1). Consider a smooth cutoff function φ ε ∈ C ∞ (M) such that φ ε ↾ C ε/2 (F) ≡ 1 and φ ε ↾ M\C ε (F) ≡ 0.
Consider any choice of local bases {X 1 , · · · , X m } of V b . Then we define for any f :
Theorem 5.2. Assume N ≤ n. We write H for the heat operator acting with convolution in time, and denote by H(t) the heat operator acting without time convolution. H solves the inhomogeneous, while H(t) the homogeneous heat equation. Then for any ε > 0 we obtain the following mapping properties.
Proof. Consider u ∈ O(x −N ). Then, writing ρ * for a defining function of a boundary face * of the heat space M 
1) where G is a bounded conormal function on M 2 h . We now proceed with uniform estimates near the various corners of the front face in the heat space M 2 h . The interior regularity of Hu and H(t)u is classical. Therefore, by partition of unity we may assume that the lifted heat kernel β * H is compactly supported near the various corners of the front face, and prove the estimates in each case separately.
Estimates near the right lower corner of the front face. Assume that β * H is compactly supported near the right lower corner of the front face. Then, using the projective coordinates (4.3) we obtain for some constant C > 0 and any
Estimates near the left lower corner of the front face. Assume that β * H is compactly supported near the left lower corner of the front face. Then, using the projective coordinates (4.3), where the roles of x and ω are interchanged (e.g. s = x /x), we obtain for some constant C > 0 and any
Estimates near the top corner of the front face. Assume that β * H is compactly supported near the top corner of the front face. Then, using the projective coordinates (4.2) we obtain for some constant C > 0
Estimates near the temporal diagonal. Assume that β * H is compactly supported near td. Then, using the projective coordinates (4.4) we obtain for some constant C > 0 and any
From here the statement follows by evaluating the corresponding integrals for the different values of N.
Improved regularity of entropy minimizers
We continue in the setting of a Riemannian manifold (M, g) with isolated conical singularities in the sense of Definition 2.1, with the corresponding Laplace Beltrami operator ∆ and the Schrödinger operator L = ∆+q·scal(g). In case of q = 0 we also impose on g the admissibility assumption in Definition 2.10. We can now employ the mapping properties of the fundamental solution H together with essential self-adjointness of L in order to derive a better asymptotics for the minimizers of the various entropies in §2.6. Proposition 6.1. Consider a Riemannian manifold (M, g) with isolated conical singularities and q ∈ R. In case of q = 0 we assume that g is admissible in the sense of Definition 2.10.
Then ω ∈ O(1) admits a partial asymptotic expansion near the conical singularity
This expansion is preserved under differentiation by V b of any order. Here, γ > 0 is given in terms of λ 1 , the smallest nonzero eigenvalue of ∆ F , and γ in (2.1) by
lies in the domain of the unique self-adjoint extension of ∆. We can construct another solution to Lu = F(ω) using the fundamental solution H = e −t∆ of ∆ as follows
(6.1) By construction (ω −u) solves the initial value problem
, uniformly in t ≥ 0 and hence u(t) L 2 (M) is continuous up to t = 0, since N ≤ n/2. Similar estimates as in Theorem 5.2 yield ∆u(t 0 ) ∈ O(x −N ) ⊂ L 2 (M) for any t 0 > 0 and hence u(t 0 ) ∈ D max (∆). Hence (ω −u(t 0 )) ∈ D max (L) lies in the domain of the unique self-adjoint extension of ∆ and we may compute using integration by parts
is monotonically decreasing in t. Since u(0) = ω and by continuity of u(t) L 2 (M) up to t = 0, we conclude ω −u(t) L 2 (M) ≡ 0. Hence u(t) = ω for any t ≥ 0. Now for any fixed t 0 > 0 we can obtain an improved asymptotics for u(t 0 ) and hence also for ω. Note that scal(g) ω ∈ O(x −N−2+γ ). For any ε > 0 we find
. We write γ ′ := min{γ, 2 + ε}. By Theorem 5.2 we conclude that for each fixed t 0 > 0
Argueing iteratively, we may improve the asymptotics of ω step by step and conclude that ω = O 2 e (1). Due to the expansion (4.7) we conclude that ω admits a partial asymptotics of the form
where ω(0, z) lies in the kernel of ∆ F and hence is in fact constant in z. Stability of the asymptotic expansion under differentiation by V b follows from the representation (6.1) and conormality of the fundamental solution kernel H.
We conclude the section with an obvious consequence of Proposition 6.1 and Theorems 2.14, 2.15, 2.16 where we now write ∆ ≡ ∆ g in order to indicate dependence on the conical metric g. Corollary 6.2. Consider a Riemannian manifold (M, g) with isolated conical singularities and q ∈ R. In case of q = 0 we assume that g is admissible in the sense of Definition 2.10. Assume n = dim F ≥ 3. Consider a minimizer ω g in the definition of the λ-functional, shrinker or the expander entropy. Then ω g ∈ D max (∆ g ) lies in the domain of the unique self-adjoint extension of ∆ g and moreover admits for any k ∈ N a partial asymptotic expansion
This proves our first main result, stated in Theorem 1.3. In the next three sections, we use this result as an essential analytic tool to prove the Theorems 1.4 and Theorem 1.5 of this paper.
Perelman's λ-functional and steady Ricci solitons
As in the smooth setting (see e.g. [CHI04] ) one shows that the first variation of λ is given by
where f g = −2 log(ω g ) is the minimizer realizing λ(g) and h ∈ C ∞ 0 (M, S) is a symmetric 2-tensor supported away from the singularity. The Euler Lagrange equation for f g is
where ∆ g denotes the Laplace Beltrami operator of the metric g.
Lemma 7.1. Let (M m , g) be a compact manifold with an isolated conical singularity and suppose that scal(g F ) = (n − 1)n, where n = m − 1 = dim(F). Then,
(ii) assertion (i) holds for m = 4, provided that at least one of the following conditions is satisfied for some ǫ > 0
Proof. Let us start with the proof of (i). Let m ≥ 5, X be a vector field such that L X g ∈ C 1,α ie (M, S) −2 . We first show that there exists a δ > 0 such that we can choose X ∈ C 2,α
is given by −div and it is easily checked that P * P = ∆ g − Ric g , where in this case, ∆ g and Ric g denote the connection Laplacian and the Ricci operator acting on 1-forms, respectively. Choose δ ≥ 0 small such that 1 + δ is a nonexceptional value of P * P, i.e.
is Fredholm. Then it is standard to show that the operator
has a closed image which is given by the L 2 -orthogonal complement of
Now we claim that
is also orthogonal to (7.5) althogh we a priori do not know anything about the behaviour of X at the conical singularity. We have the L 2 -orthogonal decompositions Therefore, L X g lies in the image of P in (7.4) and we may assume X ∈ C 2,α ie (M, TM) −1−δ from now on. Now for any symmetric 2−tensor h ∈ C ∞ (M, S) we can estimate on a small ǫ neighborhood C ε (F) around the singular point, for some uniform C > 0
which holds because 4 + δ < 5 ≤ m. From here we conclude
−fg α,0 (7.6) and the right hand side is finite by Corollary 6.2 and f g = −2 log ω g . Now take a sequence of vector fields X i with support outside of a conical singularity such that X i → X in the space C 2,α ie (M, TM) −1−δ . Due to (7.6) and dominated convergence, we have
for all i ∈ N and therefore, the first statement (i) follows.
Let us now prove (ii) and assume m = 4. As in case, let X be a vector field such that L X g ∈ C ) we may replace (7.6) by
α,+2γ ′ , (7.9) which still holds in dimension 4. In case b), and provided that case a) does not hold, we use the inequality
which holds as m = 4 and δ < ǫ and which we can use because because ∇ 2 f g = O(x γ ′ −2 ) due to Corollary 6.2 if a) does not hold. In case c), we replace (7.6) by
which holds if δ < ǫ. Moeroever, if 1 − ǫ + δ is nonexceptional, the operator
ie (M, S) −2+ǫ−δ is Fredholm and we argue as above to conclude that we may choose X ∈ C 2,α ie (M, TM) −1+ǫ−δ . In all these cases, the assertion is shown as in part (i).
Theorem 7.2. Let (M m , g) be a compact manifold with an isolated conical singuarity and suppose that scal(g F ) = (n − 1)n, where n = m − 1 = dim(F). Then, (i) if m ≥ 5, and (M, g) is a steady Ricci soliton, it is Ricci flat.
Remark 7.3. In contrast to Lemma 7.1, we did not add a case c) here, because case c) in 7.1 is equivalent to b) due to the Ricci soliton equation. Analogous assertions in the shrinker and the expanding case will be made later on but we will not add a corresponding remark there.
Proof of Theorem 7.2. We first show that under the conditions in (i) and (ii) that (M, g) is gradient and that X = 1 2 gradf g . If (i) holds, Ric(g) + L X g = 0 for some vector field X. Due to the Ricci soliton equation and Corollary 6.2, the vector field 1 2 gradf g − X satisfies the assumption of Lemma 7.1. We can therefore (iii) For any dimension m ≥ 4 and any constant c ∈ R, we have ν − (g) ′ (c g) = 0.
Proof. Parts (i) and (ii) are exactly shown as in Lemma 7.1, where the corresponding assertion for the λ-functional is proven. Part (iii) follows from scaleinvariance of ν − so that ν − ((1 + ct)g) is defined and constant in t and the fact that ν − (g) ′ (c g) is a priori finite by an analogue of (7.11) and the estimates on f g implied by Corollary 6.2.
) be a compact manifold with an isolated conical singuarity and suppose that λ(g) > 0 and scal(g F ) = (n − 1)n, where n = m − 1 = dim(F). Then, (i) if m ≥ 5, and (M, g) is a shrinking Ricci soliton, it is gradient.
(ii) assertion (i) holds for m = 4, provided that at least one of the following conditions is satisfied for some ǫ > 0 )g. The case by case analysis is done as in the fist part of the proof of Theorem 7.2 and we get that Ric(g) + ∇ 2 f g = 1 2τg
g which implies the desired result. Remark 8.4. By a suitable normalization, we mean that the flow satisfies an evolution equation of the form ∂ t g(t) = −2Ric(g(t)) + L W(t) g(t) + F (g(t)) g(t), where F is a smooth functional on the space of metrics. Such a flow is equivalent to the standard Ricci de Turck flow by a family of rescalings.
Proof of Theorem 8.3. The proof is completely analogous to the proof of Theorem 7.4 and uses Lemma 8.1.
In the above theorems and in particular in the assertion of Theorem 8.2, we made the restrictive assumption that λ(g) > 0 in order to make sure that the expander entropy is defined. We can overcome this problem by using a simpler The proof is exactly the same as in Theorem 8.2, with the only difference that we have to first rescale g to ensure that the soliton constant equals c = 1. This is because ν + is not scale-invariant and so we can not use an analogy of Lemma 8.1 (iii) here. Furthermore, we get Theorem 8.6. Let (M m , g), m ≥ 4 be a compact manifold with an isolated conical singularity that admits an admissible metric g 0 . Then µ − is monotonically increasing along the Ricci de Turck flow ∂ t g(t) = −2Ric(g(t)) + L W(g(t)) g(t) + 2g(t) starting at g and constant if and only if (M, g) is Einstein with constant 1.
The expander entropy and expanding Ricci solitons
Recall that the infimum in the definition of ν + (g) exists and is realized by a pair (f g , τ g ) if λ(g) < 0. As in the smooth setting one shows that the first Lemma 9.1. Let (M m , g) be a compact manifold with an isolated conical singuarity with λ(g) < 0 and suppose that scal(g F ) = (n − 1)n, where n = m − 1 = dim(F). Proof. This is completely analogous to the proof of Lemma 8.1.
Theorem 9.2. Let (M m , g) be a compact manifold with an isolated conical singuarity and suppose that λ(g) < 0 and scal(g F ) = (n − 1)n, where n = m − 1 = dim(F). Then, (i) if m ≥ 5, and (M, g) is an expanding Ricci soliton, it is negative Einstein. The proof is exactly the same as in Theorem 9.2, with the only difference that we have to first rescale g to ensure that the soliton constant c = −1. This is because ν − is not scale-invariant and so we can not use an analogy of Lemma 9.1 (iii) here. To show Einsteinness, one does the same proof with τ = 1 2
. Furthermore, we get Theorem 9.5. Let (M m , g), m ≥ 4 be a compact manifold with an isolated conical singularity that admits an admissible metric g 0 . Then µ + is monotonically increasing along the Ricci de Turck flow ∂ t g(t) = −2Ric(g(t)) + L W(g(t)) g(t) − 2g(t) starting at g and constant if and only if (M, g) is Einstein with constant −1.
